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Lipschitz shadowing implies structural stability
Sergei Yu. Pilyugin ∗and Sergey Tikhomirov†
Abstract
We show that Lipschitz shadowing property of a diffeomorphism
is equivalent to structural stability. As a corollary, we show that
an expansive diffeomorphism having Lipschitz shadowing property is
Anosov.
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1 Introduction
The theory of shadowing of approximate trajectories (pseudotrajectories)
of dynamical systems is now a well developed part of the global theory of
dynamical systems (see, for example, the monographs [1, 2]).
This theory is closely related to the classical theory of structural stability.
It is well known that a diffeomorphism has shadowing property in a neighbor-
hood of a hyberbolic set [3, 4] and a structurally stable diffeomorphism has
shadowing property on the whole manifold [5, 6, 7]. Analyzing the proofs of
the first shadowing results by Anosov [3] and Bowen [4], it is easy to see that,
in a neighborhood of a hyperbolic set, the shadowing property is Lipschitz
(and the same holds in the case of a structurally stable diffeomorphism, see
[1]).
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At the same time, it is easy to give an example of a diffeomorphism that
is not structurally stable but has shadowing property (see [8], for example).
Thus, structural stability is not equivalent to shadowing.
One of possible approaches in the study of relations between shadow-
ing and structural stability is the passage to C1-interiors. At present, it is
known that the C1-interior of the set of diffeomorphisms having shadowing
property coincides with the set of structurally stable diffeomorphisms [9].
Later, a similar result was obtained for orbital shadowing property (see [10]
for details).
Here, we are interested in the study of the above-mentioned relations
without the passage to C1-interiors. Let us mention in this context that
Abdenur and Diaz conjectured that a C1-generic diffeomorphism with the
shadowing property is structurally stable; they have proved this conjecture
for so-called tame diffeomorphisms [11]. Recently, the first author has proved
that the so-called variational shadowing is equivalent to structural stability
[8].
In this short note, we show that Lipschitz shadowing property is equiva-
lent to structural stability.
As a corollary, we show that an expansive diffeomorphism having Lips-
chitz shadowing property is Anosov. Let us mention that Ombach [12] and
Walters [13] showed that a diffeomorphism f is Anosov if and only if f has
shadowing property and is strongly expansive (which means that all the dif-
feomorphisms in a C1-small neighborhood of f are expansive with the same
expansivity constant).
In addition, let us mention the recent paper [14], where it is shown that
Lipschitz periodic shadowing is equivalent to Ω-stability.
2 Main result
Let us pass to exact definitions and statements.
Let f be a diffeomorphism of class C1 of an m-dimensional closed smooth
manifold M with Riemannian metric dist. Let Df(x) be the differential of
f at a point x. For a point p ∈M , we denote pk = f
k(p), k ∈ Z.
Denote by TxM the tangent space of M at a point x; let |v|, v ∈ TxM ,
be the norm of v generated by the metric dist.
We say that f has shadowing property if for any ǫ > 0 there exists d > 0
with the following property: for any sequence of points X = {xk ∈M} such
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that
dist(xk+1, f(xk)) < d, k ∈ Z,
there exists a point p ∈M such that
dist(xk, pk) < ǫ, k ∈ Z (1)
(if inequalities (1) hold, one says that the trajectory {pk} ǫ-shadows the d-
pseudotrajectory X).
We say that f has Lipschitz shadowing property if there exist constants
L, d0 > 0 with the following property: For any d-pseudotrajectory X as
above with d ≤ d0 there exists a point p ∈M such that
dist(xk, pk) ≤ Ld, k ∈ Z. (2)
The main result of this note is the following statement.
Theorem 1. The following two statements are equivalent:
(1) f has Lipschitz shadowing property;
(2) f is structurally stable.
Remark 2. Let us recall that a diffeomorphism f is called expansive if there
exists a positive number a (expansivity constant) such that if x, y ∈M and
dist(fk(x), fk(y)) ≤ a
for all k ∈ Z, then x = y. The above theorem has the following corollary.
Corollary 3. The following two statements are equivalent:
(1) f is expansive and has Lipschitz shadowing property;
(2) f is Anosov.
Proof of the corollary. The implication (2) ⇒ (1) is well known (see, for
example, [1]). By our theorem, condition (1) of the corollary implies that f is
structurally stable, and it was shown by Man˜e´ that an expansive structurally
stable diffeomorphism is Anosov (see [15]).
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Now we pass to the proof of the main theorem.
The implication (2)⇒ (1) is well known (see, for example, [1]).
In the proof of the implication (1)⇒ (2), we use the following two known
results (Propositions 4 and 5).
First we introduce some notation. For a point p ∈M , define the following
two subspaces of TpM :
B+(p) = {v ∈ TpM : |Df
k(p)v| → 0, k → +∞}
and
B−(p) = {v ∈ TpM : |Df
k(p)v| → 0, k → −∞}.
Proposition 4. [Man˜e´, [16]]. The diffeomorphism f is structurally stable if
and only if
B+(p) +B−(p) = TpM
for any p ∈M .
Consider a sequence of linear isomorphisms
A = {Ak : R
m → Rm, k ∈ Z}
for which there exists a constant N > 0 such that ‖Ak‖, ‖A
−1
k ‖ ≤ N . Fix
two indices k, l ∈ Z and denote
Φ(k, l) =


Ak−1 ◦ · · · ◦ Al, l < k;
Id, l = k;
A−1k ◦ · · · ◦ A
−1
l−1, l > k.
Set
B+(A) = {v ∈ Rm : |Φ(k, 0)v| → 0, k → +∞}
and
B−(A) = {v ∈ Rm : |Φ(k, 0)v| → 0, k → −∞}.
Proposition 5. [Pliss, [17]] The following two statements are equivalent:
(a) For any bounded sequence {wk ∈ R
m, k ∈ Z} there exists a bounded
sequence {vk ∈ R
m, k ∈ Z} such that
vk+1 = Akvk + wk, k ∈ Z;
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(b) the sequence A is hyperbolic on any of the rays [0,+∞) and (−∞, 0]
(see the definition in [18]), and the spaces B+(A) and B−(A) are trans-
verse.
Remark 6. In fact, Pliss considered in [17] not sequences of isomorphisms
but homogeneous linear systems of differential equations; the relation be-
tween these two settings is discussed in [18].
Remark 7. Later, a statement analogous to Proposition 5 was proved by
Palmer [19, 20]; Palmer also described Fredholm properties of the correspond-
ing operator
{vk ∈ R
m : k ∈ Z} 7→ {vk − Ak−1vk−1}.
We fix a point p ∈M and consider the isomorphisms
Ak = Df(pk) : TpkM → Tpk+1M.
Note that the implication (a)⇒(b) of Proposition 5 is valid for the sequence
{Ak} with R
m replaced by TpkM .
It follows from Propositions 4 and 5 that our main theorem is a corollary of
the following statement (indeed, we prove that Lipschitz shadowing property
implies the validity of statement (a) of Proposition 5 for any trajectory {pk} of
f , while the validity of statement (b) of this proposition implies the structural
stability of f by Proposition 4).
Lemma 8. If f has the Lipschitz shadowing property with constants L, d0,
then for any sequence {wk ∈ TpkM, k ∈ Z} such that |wk| < 1, k ∈ Z, there
exists a sequence {vk ∈ TpkM, k ∈ Z} such that
|vk| ≤ 8L+ 1, vk+1 = Akvk + wk, k ∈ Z. (3)
To prove Lemma 8, we first prove the following statement.
Lemma 9. Assume that f has the Lipschitz shadowing property with con-
stants L, d0. Fix a trajectory {pk} and a natural number n. For any sequence
{wk ∈ TpkM, k ∈ [−n, n]} such that |wk| < 1 for k ∈ [−n, n] and wk = 0 for
k /∈ [−n, n] there exists a sequence {zk ∈ TpkM, k ∈ Z} such that
|zk| ≤ 8L+ 1, k ∈ Z, (4)
and
zk+1 = Akzk + wk, k ∈ [−n, n]. (5)
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Proof. First we locally “linearize” the diffeomorphism f in a neighborhood
of the trajectory {pk}.
Let exp be the standard exponential mapping on the tangent bundle of
M and let expx : TxM →M be the corresponding exponential mapping at a
point x.
We introduce the mappings
Fk = exp
−1
pk+1
◦f ◦ exppk : TpkM → Tpk+1M.
It follows from the standard properties of the exponential mapping that
D expx(0) = Id; hence, DFk(0) = Ak. Since M is compact, for any µ > 0 we
can find δ > 0 such that if |v| ≤ δ, then
|Fk(v)−Akv| ≤ µ|v|. (6)
Denote by B(r, x) the ball in M of radius r centered at a point x and by
BT (r, x) the ball in TxM of radius r centered at the origin.
There exists r > 0 such that, for any x ∈ M , expx is a diffeomorphism
of BT (r, x) onto its image, and exp
−1
x is a diffeomorphism of B(r, x) onto its
image. In addition, we may assume that r has the following property.
If v, w ∈ BT (r, x), then
dist(expx(v), expx(w))
|v − w|
≤ 2; (7)
if y, z ∈ B(r, x), then
| exp−1x (y)− exp
−1
x (z)|
dist(y, z)
≤ 2. (8)
Now we pass to construction of pseudotrajectories; every time, we take
d so small that the considered points of our pseudotrajectories, points of
shadowing trajectories, their “lifts” to tangent spaces etc belong to the cor-
responding balls B(r, pk) and BT (r, pk) (and we do not repeat this condition
on the smallness of d).
Fix a sequence wk having the properties stated in Lemma 9. Consider
the sequence {∆k ∈ TpkM, k ∈ [−n, n + 1]} defined as follows:{
∆−n = 0,
∆k+1 = Ak∆k + wk, k ∈ [−n, n].
(9)
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Let Q = maxk∈[−n,n+1] |∆k|.
Fix a small d > 0 and construct a pseudotrajectory {ξk} as follows:

ξk = exppk(d∆k), k ∈ [−n, n + 1],
ξl = f
l+n(ξ−n), l ≤ −n− 1,
ξl = f
l−n−1(ξn+1), l > n+ 1.
Note that definition (9) of the vectors ∆k and condition (7) imply that if d
is small enough, then the following inequality holds:
dist(ξk+1, exppk+1(dAk∆k)) < 2d.
Since
f(ξk) = exppk+1(Fk(d∆k)),
condition (6) with µ < 1 implies that if d is small enough, then
dist(exppk+1(dAk∆k), f(ξk)) < 2d.
Hence,
dist(f(ξk), ξk+1) ≤ 4d.
Let us note that the required smallness of d is determined by the chosen
trajectory {pk}, the sequence wk, and the number n.
The Lipschitz shadowing property of f implies that if d is small enough,
then there exists an exact trajectory {yk} such that
dist(ξk, yk) ≤ 4Ld, k ∈ [−n, n + 1]. (10)
Consider the finite sequence
{tk =
1
d
exp−1pk (yk), k ∈ [−n, n + 1]}.
Inequalities (10) and (8) imply that
|∆k − tk| < 8L. (11)
Consider the finite sequence {bk ∈ TpkM, k ∈ [−n, n+1]} defined as follows:
b−n = t−n, bk+1 = Akbk, k ∈ [−n, n]. (12)
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Obviously, the following inequalities hold for k ∈ [−n, n + 1]:
dist(yk, pk) ≤ dist(yk, ξk) + dist(pk, ξk) ≤ 4Ld+ 2d|∆k| ≤ 2(Q+ 2L)d.
These inequalities and inequalities (8) imply that
|tk| ≤ 4(Q + 2L). (13)
Take µ1 > 0 such that
((N + 1)2n + (N + 1)2n−1 + · · ·+ 1)µ1 < 1, (14)
where N = sup ‖Ak‖.
Set
µ =
µ1
4(Q+ 2L)
and consider d so small that inequality (6) holds for δ = 4(Q+ 2L)d.
The definition of the vectors tk implies that dtk+1 = Fk(dtk); since
|dtk| ≤ 4d(Q+ 2L)
by (13), we deduce from estimate (6) applied to v = dtk that
|dtk+1 − dAktk| ≤ µd|tk|.
Now we deduce from inequalities (13) that
|tk+1 − Aktk| ≤ 4µ(Q+ 2L) = µ1, k ∈ [−n, n]. (15)
Consider the sequence ck = tk−bk. Note that c−n = 0 by (12). Estimates
(15) imply that |ck+1 − Akck| ≤ µ1. Hence,
|ck| ≤ ((N + 1)
2n + (N + 1)2n−1 + · · ·+ 1)µ1 < 1, k ∈ [−n, n].
Thus,
|tk − bk| < 1. (16)
Consider the sequence {zk ∈ TpkM, k ∈ Z} defined as follows:{
zk = ∆k − bk, k ∈ [−n, n + 1],
zk = 0, k /∈ [−n, n + 1].
Inequalities (11) and (16) imply estimate (4), while equalities (9) and
(12) imply relations (5). Lemma 9 is proved.
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Proof of Lemma 8. Fix n > 0 and consider the sequence
w
(n)
k =
{
wk, k ∈ [−n, n],
0, |k| > n.
By Lemma 9, there exists a sequence {z
(n)
k ∈ TpkM, k ∈ Z} such that
|z
(n)
k | ≤ 8L+ 1, k ∈ Z, (17)
and
z
(n)
k+1 = Akz
(n)
k + w
(n)
k , k ∈ [−n, n]. (18)
Passing to a subsequence of {z
(n)
k }, we can find a sequence {vk ∈ TpkM, k ∈
Z} such that
vk = lim
n→∞
z
(n)
k , k ∈ Z.
(Let us note that we do not assume uniform convergence.) Passing to the
limit in estimates (17) and equalities (18) as n → ∞, we get relations (3).
Lemma 8 and our theorem are proved.
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